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Abstract
N -fold Ba¨cklund transformation for the Davey-Stewartson equation is constructed by
using the analytic structure of the Lax eigenfunction in the complex eigenvalue plane.
Explicit formulae can be obtained for a specified value of N . Lastly it is shown how
generalized soliton solutions are generated from the trivial ones.
Introduction: Inverse scattering transform holds a central place in the analysis of non-
linear integrable system in either (1+1)- or (2+1)-dimensions [1]. On the other hand it
has been found that explicit soliton solutions can also be obtained by the use of Ba¨cklund
transformations in a much easier way [2]. These Ba¨cklund transformations are also useful
in proving the superposition formulae for these solutions. There have been many attempts
to construct explicit N -soliton solutions for nonlinear integrable system either by Ba¨cklund
transformations or the inverse scattering method. A separate and elegant approach was
developed by Zakharov et al [3] which relied on the pole structure of the Lax eigenfunction
and use of projection operators. In this letter we have used an approach similar to that of
Zakharov et al but have generated a formulae for the N -fold BT of the nonlinear field vari-
ables occurring in the (2+1)-dimensional Davey-Stewartson equation [4]. Our approach
is very similar to that of gauge transformation repeatedly applied to any particular seed
solution. Lastly we demonstrate how non-trivial solutions are generated by starting with
known trivial ones.
Formulation: The Davey-Stewartson equation under consideration can be written as
irt + rxx − ryy + r(A2 −A1) = 0,
iqt + qyy − qxx + q(A1 −A2) = 0,
A1x = −
1
2
(qyr + ryq), A2y = −
1
2
(qxr + rxq).
(1)
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Equation (1) is known to be a result of the consistency of the operators T1 and T2 written
as [T1, T2]Ψ = 0, where
T1Ψ =
{
2
(
∂x 0
0 ∂y
)
+
(
0 q
r 0
)}
Ψ = 0,
T2Ψ =
1
2
{(
i∂t + ∂
2
x + ∂
2
y
)
+
(
0 qx
ry 0
)
+A
}
Ψ = −
K2
2
Ψ,
and A =
(
A1 0
0 A2
)
, K = const.
To proceed further we set
A1 = f1y, A2 = f2x
and
Ψ = Φexp
{
i
(
α+ λ−2
)
x− i
(
β − λ−2
)
y
}
.
Whence the Lax pair becomes,
MΦ = UΦ, Φt = V Φ (2)
with
M =
(
∂x 0
0 ∂y
)
, U =
(
−i
(
α+ λ−2
)
−q/2
−r/2 i
(
β − λ−2
)
)
(3)
and
V =
(
iΛ+Q(∂x, ∂y) + if1y iqx
iry iΛ+Q(∂x, ∂y) + if2y
)
. (4)
With
Λ = K2 −
(
α+ λ−2
)2
−
(
β − λ−2
)2
,
Q(∂x, ∂y) = i
(
∂2x + ∂
2
y
)
− 2
{(
α+ λ−2
)
∂x −
(
β − λ−2
)
∂y
}
,
we can construct particular Jost solutions, corresponding to q = q0 = const, r = r0 =
const, A1 = A10 = f
0
1y and A2 = A20 = f
0
2x with f
0
1y = f
0
2x = const. This particular
eigenvector Φ0 turns out to be
Φˆ0 =
(
exp(θ1x+ χ1y + ξ1t) exp(θ2x+ χ2y + ξ2t)
m0 exp(θ1x+ χ1y + ξ1t) n0 exp(θ2x+ χ2y + ξ2t)
)
with
θ1 = −i
(
α+ λ−2
)
+ am0, θ2 = −i
(
α+ λ−2
)
+ an0,
χ1 = b/m0 + i
(
β − λ−2
)
, χ2 = b/n0 + i
(
β − λ−2
)
,
ξ1, ξ2 are arbitrary complex constants, m0, n0 are arbitrary constants and m0 6= n0.
Note that detΦ0 6= 0 so that Φ
−1
0 exists.
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Now suppose that Φn−1 denotes the Lax eigenfunction, corresponding to the (n −
1) soliton solution, and Bn(x, y, t) be the transformation which yields the Φn (solution
corresponding to the n soliton case when applied to Φn−1), that is
Φn(x, y, t, λ) = Bn(x, y, t, λ)Φn−1(x, y, t, λ).
Using the above Lax equations (2) and (4), we can at once deduce the equations satisfied
by Bn
MBn = UnBn −BnUn−1, ∂tBn = VnBn −BnVn−1, (5)
where Un, Vn denote the Lax matrices.
Corresponding to the n-soliton solution: Note that U , V are even functions of λ, so
that we can assume that
Bn(−λ) = Bn(λ).
We now assume Bn to have simple pole structure in the complex λ-plane, so that
Bn(x, y, t, λ) = Qn +
2λn
λ2 − λ2n
Pn. (6)
We also assume that
B−1n (x, y, t, λ) = Q
′
n +
2λ′n
λ2 − λ2n
P ′n, (7)
where Pn, Qn, P
′
n, Q
′
n are matrix functions of (x, y, t). The condition BnB
−1
n = B
−1
n Bn = I
leads to
Bn (λ
′
n)P
′
n = 0, PnB
−1
n (λn) = 0,
B−1n (λn)Pn = 0, P
′
nBn (λ
′
n) = 0.
Calculation of the matrices Qn, Pn, Q
′
n, P
′
n: Let us now go back to equation (5) and
use the expression (6) and (7). Rewriting Un as
Un = −iλ
−2I + U ′n
and using the form of Bn given in (6) we get:
MQn +
2λn
λ2 − λ2n
(MPn) =
(
−iλ−2I + U ′n
)(
Qn +
2λn
λ2 − λ2n
Pn
)
−
(
Qn +
2λn
λ2 − λ2n
Pn
)(
−iλ−2I + U ′n−1
)
which yields equations satisfied by Pn and Qn:
M(PnΦn−1(λn)) = Un(λn)(PnΦn−1(λn)),
M(QnΦn−1(λn)) = Un(λn)(QnΦn−1(λn)).
Using the same form of Vn as give in equation (3) in the time part, we get the following
equations:
∂x
(
Qn −
2
λn
Pn
)
= −∂y
(
Qn −
2
λn
Pn
)
,
∂t(PnΦn−1(λn)) = Vn(λn)(PnΦn−1(λn)),
Qnt = OP2Qn + 2i(Qnx∂x +Qny∂y) +DnQn −QnDn−1,
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where operator OP2 ≡ i
(
∂2x + ∂
2
y
)
−2(α∂x−β∂y), α, β = const., and Dn =
(
ifn1y iqnx
irny if
n
2x
)
.
As per the ansatz of Zakharov we search for Pn in the form,
Pn =
(
γn1
γn2
)
(δn1, δn2).
It is interesting to observe that
(δn1, δn2) = (an1, aa2)Φ
−1
n−1(n),
where an1, an2 are practically two constants.
Similarly for P ′n and Q
′
n, we set
P ′n =
(
γ′n1
γ′n2
)(
δ′n1, δ
′
n2
)
and Q′n =
(
α′n α
′′
n
β′n β
′′
n
)
.
Whence we get
Bl(λ
′
l) =
(
F 11l + σlγl1δl1 F
12
l + σlγl2δl2
F 21l + σlγl2δl1 F
22
l + σlγl2δl2
)
,
where
F 11l = f
11
l (t) exp{im1l(x− y)}, F
12
l = f
12
l (t) exp{im
′
1l(x− y)},
F 21l = f
21
l (t) exp{im2l(x− y)}, F
22
l = f
22
l (t) exp{im
′
2l(x− y)},
and
σl =
2
λl
−
2λl
λ2
l
− λ′2
l
,
δl1 = −
δ′l1F
11
l + δ
′
l2F
21
l
σl(δ
′
l1γl1 + δ
′
l2γl2)
, δl2 = −
δ′l1F
12
l + δ
′
l2F
22
l
σl(δ
′
l1γl1 + δ
′
l2γl2)
,
γl1 = −
γ′l1F
11
l + γ
′
l2F
12
l
σl(γ
′
l1δl1 + γ
′
l2δl2)
, γl2 = −
γ′l1F
21
l + γ
′
l2F
22
l
σl(γ
′
l1δl1 + γ
′
l2δl2)
.
B−1l (λl) =
[
α′l + ε
′
lγ
′
l1δ
′
l1 α
′′
l + ε
′
lγ
′
l1δ
′
l2
β′l + ε
′
lγ
′
l2δ
′
l1 β
′′
l + ε
′
lγ
′
l2δ
′
l2
]
.
Hereε′l =
2λ′l
λ2
l
− λ′2
l
, along with
δ′l1 = −
α′lδl1 + β
′
lδl2
ε′
l
(δl1γ
′
l1 + δl2γ
′
l2)
, δ′l2 = −
α′′l δl1 + β
′′
l δl2
ε′
l
(δl1γ
′
l1 + δl2γ
′
l2)
,
γ′l1 = −
γl1α
′
l + γl2α
′′
l
ε′l(γl1δ
′
l1 + γl2δ
′
l2)
, γ′l2 = −
γl1β
′
l + γl2β
′′
l
ε′l(γl1δ
′
l1 + γl2δ
′
l2)
.
Finally the matrix Ql is given as
Ql =


f11l (t) exp{im1l(x− y)}+
2
λl
γl1δl1 f
12
l (t) exp{im
′
1l(x− y)}+
2
λl
γl1δl2
f21l (t) exp{im2l(x− y)}+
2
λl
γl2δl2 f
22
l (t) exp{im
′
2l(x− y)}+
2
λl
γl2δl2

.
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It is also very convenient to rewrite the matrix elements of Q and P in terms of Lax
eigenfunctions Φ. We collect these results below without giving the detailed derivation,
Q11l =
RlΦ
21
l−1(λl) +R
′
lΦ
22
l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
, Q12l =
MlΦ
21
l−1(λl) +M
′
lΦ
22
l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
,
Q21l =
LlΦ
21
l−1(λl) + L
′
lΦ
22
l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
, Q22l =
NlΦ
21
l−1(λl) +N
′
lΦ
22
l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
,
where
Rl = −
λ′2l blf
11
l (t) exp{im1l(x− y)}
λ′2
l
,
R′l =
1
λ′2
l
{
λ2l alf
11
l (t) exp{im1l(x− y)}+
(
λ2l − λ
′2
l
)
blf
12
l (t) exp{im
′
1l(x− y)}
}
,
Ml =
1
λ′2
l
{
−
(
λ2l − λ
′2
l
)
alf
11
l (t) exp{im1l(x− y)} − λ
2
l blf
12
l (t) exp{im
′
1l(x− y)}
}
,
M ′l =
λ′2l alf
12
l (t) exp{im
′
1l(x− y)}
λ′2
l
, Ll = −
λ′2l blf
21
l (t) exp{im2l(x− y)}
λ′2
l
,
L′l =
1
λ′2
l
{
λ2l alf
21
l (t) exp{im2l(x− y)}+
(
λ2l − λ
′2
l
)
blf
22
l (t) exp{im
′
2l(x− y)}
}
,
Nl =
1
λ′2l
{
−
(
λ2l − λ
′2
l
)
alf
21
l (t) exp{im2l(x− y)} − λ
2
l blf
22
l (t) exp{im
′
2l(x− y)}
}
,
N ′l =
λ′2l alf
22
l (t) exp{im2l(x− y)}
λ′2
l
.
The elements of the Pl matrix are:
P 11l = −
Fl
σl
Φ22l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
, P 12l =
Fl
σl
Φ21l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
,
P 21l = −
F ′l
σl
Φ22l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
, P 22l =
F ′l
σl
Φ21l−1(λl)
alΦ
22
l−1(λl)− blΦ
21
l−1(λl)
,
with
Fl = alf
11
l (t) exp{im1l(x− y)}+ blf
12
l (t) exp{im
′
1l(x− y)},
F ′l = alf
21
l (t) exp{im2l(x− y)}+ blf
22
l (t) exp{im
′
2l(x− y)},
σl =
2λ′2l
λl
(
λ′2l − λ
2
l
) .
Construction of the nonlinear fields: Once the form of the matrices Pl and Ql are
determined we can construct the matrix Bl, so that the Lax eigenfunction Φl(λ) for the
next stage can be determined from that of the previous one via,
Φl(λ) = Bl(λ)Φl−1(λ).
354 S.K. Paul and A. Roy Chowdhury
These expressions are very complicated, so we just quote one of them to display their
structure. For example,
Φ11l (λ) = Nl/Dl,
Dl = alΦ
21
l−1(λl)− blΦ
22
l−1(λl),
Nl = RlΦ
21
l−1(λl)Φ
11
l−1(λ) + {R
′
l − fl(λ)Fl}Φ
22
l−1(λl)Φ
11
l−1(λ)
+{Ml + fl(λ)Fl}Φ
21
l−1(λl)Φ
21
l−1(λ) +M
′
lΦ
22
l−1(λl)Φ
21
l−1(λ),
(8)
with similar expression for other elements Φ12, Φ21 and Φ22.
Now, for the determination of nonlinear fields, consider
U ′nQn =MnQn +QnU
′
n−1,
where
M =
(
∂x 0
0 ∂y
)
, U ′n =

−iα −
qn
2
−
rn
2
iβ

 , U ′n−1 =

 −iα −
qn−1
2
−
rn−1
2
iβ

 .
In the expression for U ′n and U
′
n−1 we take α = β = 0, which at once yields
qn = −
2Q12nx
Q22n
+
Q11n
Q22n
qn−1. (9)
This is nothing but a simple recursion relation. Similarly,
rn = −
2Q21ny
Q11n
+
Q22n
Q11n
rn−1. (10)
Explicitly are can write,
n = 1, q1 = −
2Q121x
Q221
+
Q111
Q221
q0, r1 = −
2Q211y
Q111
+
Q221
Q111
r0,
n = 2, q2 = −
2Q122x
Q222
−
2Q112 Q
12
1x
Q222 Q
22
1
+
Q112 Q
11
1
Q222 Q
22
1
q0,
r2 = −
2Q212y
Q112
−
2Q222 Q
21
1y
Q112 Q
11
1
+
Q222 Q
22
1
Q112 Q
11
1
r0.
So far we have considered f11l (t), f
12
l (t), f
21
l (t), f
22
l (t) to be functions of time or constants;
m1l, m
′
1l, m2l, m
′
2l to be arbitrary constants; al, bl to be arbitrary constants for all l. Now
assume that f12l (t) = f
21
l (t) = 0 and bl = 0 for all l values. So that Rl =M
′
l = Ll = L
′
l =
Nl = F
′
l = 0 for all l. In this case the form of Bl(λ) turns out to be:
Bl(λ) =

 λ
2
l
λ′2
l
(
1−
λ′2
l
−λ2
l
λ2−λ2
l
)
f11l (t)e
im1l(x−y)
(
1 +
λ2
l
λ2−λ2
l
)(
1−
λ2
l
λ′2
l
)
f11l (t)e
im1l(x−y)θl−1
0 f22l (t)e
im2l(x−y)

,
where θl−1 =
Φ21l−1(λl)
Φ22
l−1(λl)
.
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To write the formulae for the n-soliton solution in a compact form, we note that
Q11n Q
11
n−1Q
11
n−2 . . . Q
11
R = A
n
n−R+1F
n
n−R+1(t) exp

i
n−R+1∑
j=1
m1,n−j+1(x− y)

 ,
where Ann−R+1, F
n
n−R+1(t) stands for
An−R+1 =
n−R+1∏
l=1
λ2n−l+1
λ′2n−l+1
, Fnn−R+1(t) =
n−R+1∏
l=1
f11n−l+1(t).
Similar expressions can be written for Qijn and its products. Using these, we at once
obtain:
qn =
−2mnQ
12
n
Gn1 (t) exp{im
′
2,n(x− y)}
+
AnnF
n
n (t) exp
{
i
n∑
j=1
m1,n−j+1(x− y)
}
Gnn(t) exp
{
i
n∑
j=1
m2,n−j+1(x− y)
}
−2
n−1∑
K=1
AnKF
n
K(t) exp
{
i
K∑
j=1
m1(n−j+1)(x− y)
}
GnK+1(t) exp
{
i
K+1∑
j=1
m2(n−j+1)(x− y)
}mn−KQ12n−K ,
where we have set
m0 = a(m0 − n0), G
n
K(t) =
K∏
l=1
f22n−l+1(t), m
′
n = −im1n +m
′
0,
m′0 = b(1/m0 − 1/n0), F
n
k =
k∏
l=1
f11n−l+1(t), Tn =
m0
n0
(
1−
λ2n
λ′2n
)
,
Q12n = Tnf
11
n (t) exp(im1nx) exp(m0x +m
′
ny + δt).
Here δ is a complex constant.
Discussions: In the above analysis we have demonstrated how the pole type ansatz of
Zakharov et al [3] can be used to generate a compact formulae for the N -fold Ba¨cklund
transformation in the case of the Davey-Stewartson equation. The study yields two main
results exhibited in equations (8) and (9). While the equation gives a recursive procedure
for the determination of the Lax eigenfunction (Φl corresponds to the l-soliton state)
equation (9) and (10) gives the corresponding recursion relation for the nonlinear fields.
We have actually checked that for n = 1 one obtains the one soliton solution well known
in the literature.
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